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Motivation

Floating-Point Dot Product Hardware: axXb+cXd+eXf+g
Designed for low area and low accuracy

Months later a compiler optimisation discovered:
aXb+cXd+eXf+g#+bXa+cXd+eXf+g

Cause: Truncated Booth arrays
2*1 1*2
QOO0 OOODOD
oo O 00000 %

ITING =
AND GRAPHICS ""]telO
XPU Architecture and IP Engineering - GFx Numerical Hardware Group



Motivation

Truncated AND Array Truncated Booth Array
Bad PPA 000 Good PPA 000
Commutative 000 Not Commutative @) @ @ @ @ @
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‘ ‘ ‘ . ' . ‘ . We want the best of both worlds:
‘ ‘ . . . . ‘ . Commutative
‘ ‘ . ‘ ‘ . ‘ . Truncated
Booth
Error: Delivery:
Controlled => Faithfully Rounded Formally Verified RTL

Exploited => Maximal HW Benefit
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Commutativity Solution: Booth Encode Both Inputs

o + 2
ann/_u 3anm
o 4+ +
S S

(%]

1a mn
.a+. S O+

—

20
U
2a-

5

intel.

Intel Confidential

A G ACCELERATED COMI
(Gl SYSTE
X



Commutativity Solution: Booth Encode Both Inputs

:2b5 + b4 +b31 "Zbl + bo + 01
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Commutativity Solution: Booth Encode Both Inputs

2bs+by+by by +bo+0,

2br+bo+bs  2by+ by +b,

Truncate after
Booth encoding both inputs:
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A) Commutative Truncated
Array Design
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Find extremal values
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Commutativity Truncated Array Design

-2by + bg +bs
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Commutativity Truncated Array Design

y G | ACCELERATEDCOMPUTING ) . H
A A= | SYSTEMSANDGRAPHICS Intel Confidential |nte|j 10

XPU Architecture and IP Engineering - GFx Numerical Hardware Group



Commutativity Truncated Array Design
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* (bp-1:1 + by)
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bg bs by bz b, by
be bs by bs by by
by
bs by b; b, by by
bs by bs by by by
by

s' = (azi+1 @ bo)((azi+1 D az;) V (az; D azi—1))
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Commutativity Truncated Array Design

[ N )
Standard truncated Y

Booth array:

Full Adder
Application

Additional
‘compensation’ bits

Dominating
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Limited delay
impact expected:
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Error Analysis
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min(A) max(A)

(These bounds are tight, and we have worst case inputs.)
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Faithful Rounding

Faithful rounding:

v

—2m < A+A)-Y < 2m
—2m < (A+A)-(A+C—-D) < 2m
—2m < C—A-D < 2m

D can take any valuein [0,2™ — 2¥], hence

C—2" < A< C+2Fk

Constant ) _
/ max(A) — 2% < C < min(A) + 2™

C +

d
<

C must be a multiple of 2%:

v

{max(A)‘ {mln(A) k
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Maximal Error Exploitation

Optimal (Maximal) Truncation:

Associated constant C range:
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Faithfully Rounded
Maximal HW Benefit
Formally Verified

ING

Commutative
Truncated
Booth

RTL

Create
compensation
bits

Add
compensation
bits & constant
To array
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SYSTEMS AND GRAPHICS

Unsigned n bit multiplication
Faithful Rounding to column m

module gmd_ int
#(paramster n
paramster m

input [ n
input [ n
output [E*n-m-
1

always_comb

aext = {1'b0,a,1'Dbo};
for (int i = 0; i < ((n+l1}/2); i++)

in
A[1] = aext[2xi+2];
B[i] = aext[2*i+1];
Cli] = aext[2*i 1;
end
end
always_comb s =24 ~(B&C);
always_comb bzorc B A

always_comb azorb ~ B

axorb & ~biorc;

always_comb x2 =
always_comb axorb_or_bxorc = axorb | bxorc;
alwaysfcomb
Tpext = (1'b0,b,1'D0};
for (int i = 0; i < ((n+1)/2); i++)
brors[i] = bext  (n+Z{s[i]}};
end
always_comb
begin

2); i++)
bzors[i][n:0])

always_comb pp_final = {nf{a(n-111} & b;

_mult_lulp
= 24,
=27

-1:0] a,
-1:0] b,
m-1:0] v

Array Creation

({n+1{bxorc[i]}}

always_comb
begin
for (int i = 0; i < (k/2); i++

=
comp[1] = bxors[1][k-2%1] &J(axorb[j] | bxorc[i]);

en

always_comb
begin

for (int i =0; i < ((n+l)/2); i++

)
signext[i] = axorb_or bxore[i] & bxors[i][n+l

end
always_comb array[0] = {~signext[0],signext[0],signext[0],pp[0]};
gensrate

for (gi=1; gi<(n/2); git++
assign array[gi]

701, s tgnext (911, pplg1], 10, s[gi-t1,

endgenerate
generate
if (n%2--0)
i assign array[(n/2)] = { pp_final,1'k0,s[(n/2)-11,{
else
assign array[(n/2)] = {1'bl,~signext[(n/2)],ppl(n/2)],1'b0,s[(n/2)-17,{
endgenerats
generate
for (gi=0; gi<(k/2); ai++)
assign array[(n/2)+1+gi] = complgile<k;
endgenerate
always_comb array[(n/2)+(k/2)+1] = constant<<k;
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& brors[il[n+l:11);

24(gi-1){1'b0}}}

25((n/2)-1){1'k0}}}
25 ((n/2)-1){1'b0}}}

Compute kand C

function int computek{input int mj;

int k =

for {(int 1 = 0;

;

i< m;

i = 1+2)

if (i-l<(5*(l<<(m-i-2)3))

k=1;

return k;
endfuncticn
localparam k = computek(m);
localparam minecnst = (2*xk-2+2=((k/2)%2)) /7 5;
localparam mazconst = ((5#(1<<(n-k)))-2+k-1+2*((k/2)%2)) / 5;
localparam 2xzorB = minconst * maxconst;
localparam difflength = %$clogl (AzorB+1);
localparam &lsbs = minconst % {(l<<difflength;;
localparam msbs = minconst - Alshs;
localparam Alshbslength = $clogl (&lsbhs+1l);
localparam lsbs_pre =1 << (Alskslength-1);
localparam lebs = (Alshbs==1sbs_pre)? lsbs_pre : lshs_pre<<l;
localparam constant = msbs + 1sbs;

Array Reduction
generate
for (gi=0; gi<in/2)+(k/2)1+2; gi++)
begin: array_i
always_comb
begin
if (gi==0}
sum[ 0] = array[ 0][Z2*n-1:k];
else
sum[gi] = sum[gi-1] + arrav[gil[2#*n-1:k];
el
end
endgenerate

assign v = sum[(n/2)+(k/2)+1][2#*n-k-1:m-k];
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Commutative

Truncated _ _ —
Booth Faithful Rounding Commutativity
_ Proof Proof
Faithfully Rounded (seconds) (seconds)

Maximal HW Benefit
Formally Verified
RTL

mult = a[n-1:0]*b[n-1:0]
lsbs = mult[ m-1:0]
msbs = mult[2*n-1:m]

0.
0,
0.
(e
0.
0.
0.
0,

lemma (lsbs==0)7? y==msbs : 0<=y-msbs<=1

Proofs are performed using a multiplier rewriter
implemented as an ACL2 clause processor
with some help from a SAT Solver

Sound and Automated Verification of Real-World RTL Multipliers
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https://repositum.tuwien.at/handle/20.500.12708/18631

Area (um?)

Baseline Truncated AND [9] Commutative Truncated Booth
n  Delay (ns) | Area (um2) Power (uW) Area (um?) Power (uW) Area (um?) Power (uW)
H 0.175 74.0 350 | 644 (-13.0%) 319 (29.2%) | 693 (- 6.4%) 389 (-13.7%)
yn es |S A 02 56.1 346 | 464 (-174%) 252 (-27.3%) | 483 (-13.9%) 286 (-17.5%)
0.225 517 309 | 409 (-20.8%) 215 (-30.4%) | 43.6 (-15.8%) 252 (-18.5%)
0.25 475 283 | 371 (-21.9%) 198 (-30.1%) | 39.7 (-16.3%) 226 (-20.1%)
Resu |ts 0225 1277 815 | 1086 (-14.9%) 622 (23.7%) | 999 (21.8%) 600 (-26.4%)
- 0.25 113.4 705 | 1015 (-104%) 575 (-18.4%) | 88.7 (-21.8%) 516 (-26.8%)
0.275 108.0 653 | 935 (-134%) 502 (-23.2%) | 84.9 (-21.3%) 498 (-23.8%)
03 99.2 595 | 83.8(-15.6%) 466 (-21.8%) | 713 (-22.1%) 447 (-25.0%)
0275 1937 1225 | 1613 (-16.7%) 897 (-26.7%) | 1562 (-19.4%) 914 (-25.4%)
- 03 171.5 1097 | 1563 (- 8.8%) 861 (-21.5%) | 148.0 (-13.7%) 862 (-21.4%)
0.325 164.3 1024 | 139.7 (-15.0%) 787 (-23.1%) | 134.2 (-18.3%) 768 (-25.0%)
_ 0.35 152.9 945 | 1372 (-10.3%) 772 (-18.3%) | 130.7 (-14.5%) 748 (-20.8%)
n=64 03 823.0 3548 | 647.6 (21.3%) 3808 (31.4%) | 566.8 (31.1%) 3527 (-36.4%)
0325 745.5 4886 | 5933 (-204%) 3403 (-30.4%) | 515.6 (-30.8%) 3073 (-37.1%)
Bascli 0.35 709.2 4558 | 565.1 (-20.3%) 3165 (-30.6%) | 491.7 (-30.7%) 2846 (-37.6%)
800 - o gl | 0.375 638.6 4187 | 513.1 (-19.7%) 2936 (-29.9%) | 446.9 (-30.0%) 2593 (-38.1%)
—&— Com AND [9]
= Com Booth
700 - &+ Non Com Booth ||
600
Round towards zero
500 |- . -
Commutative Truncated AND Array —up to 21% smaller
|
—e—a ¢ . .
400 F 1 1 L Commutative Truncated Booth Array —up to 31% smaller
0.3 0.35 0.4 0.45
Delay (ns)
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Commutator

Commutative Truncated

Commutative Truncated
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